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Abstract 
The boundary knot method (BKM) is meshless, integration-free, boundary-type, radial basis function collocation technique for 
the numerical discretization of general partial diferential equation systems. Unlike the method of fundamental solutions, the use 
of non-singular general solution in the BKM avoids the unnecessary requirement of constructing a controversial articial boundary 
outside the physical domain. The purpose of this paper is use of BKM to solve convection–diffusion problem. Numerical 
experiments validate that the BKM can produce highly accurate solutions using a relatively small number of knots. For 
inhomogeneous cases, some inner knots are found necessary to guarantee accuracy and stability. 
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1. Introduction  
In recent years variety of meshless methods for the numerical solution of partial differential equations has been 
developed. The main motivation was that the mesh-based methods such as the standard FEM often require large 
computational time to create computational mesh or change it  in handling free boundary, adaptive analysis and 
complex-shaped boundary problems. Many of the meshless methods available today are based on using the moving 
least square (MLS) or radial basis function (RBF) interpolation approach. In most cases, a background mesh is still 
necessary for numerical integration rather than for function interpolation. Therefore, these methods are not truly 
meshless (Element-Free Galerkin method - EFG).  
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Exceptionally, the methods based on the RBF (Radial Point Interpolation method - RPIM, LBIEM - Local 
Boundary Integral Equation method) are truly meshless with the fact that the RBF method uses the Euclidean 
distance variable independent of the dimensionality of the problems. Therefore, the RBF-based methods are 
independent of dimensionality and complexity of geometry. Nardini and Brebbia [1] in 1983 have actually applied 
the RBF concept to develop the currently popular dual reciprocity BEM (DR-BEM).  
Among the existing RBF schemes, the method of fundamental solution (MFS) is a typical boundary-type RBF 
collocation methodology. The MFS outperforms the standard BEM in terms of integration-free, super-convergent, 
easy-to-use, and truly meshless [2]. The main drawback of the MFS is the use of fictitious boundaries outside the 
physical domain. The arbitrariness in the determination of the artificial boundary introduces such troublesome issues 
as stability and accuracy in problems with complicated geometry systems and lowers the efficiency of the MFS to 
practical engineering problems [3].  
Instead of using a singular fundamental solution, Chen and Tanaka [2] exploited a nonsingular general solution to 
the approximation of the homogeneous solution and removed the controversial artificial boundary in the MFS. The 
method is called the boundary knot method (BKM). Like the MFS and DR-BEM, the BKM also employs the dual 
reciprocity method to approximate the particular solution. The method is truly meshless, integration-free, very easy 
to learn and program. Some preliminary numerical experiments [2] show that the BKM can produce excellent 
results with a relatively small number of knots for various linear and nonlinear problems. Chen and Hon [4] also 
numerically illustrated the spectral convergence of the BKM. Spectral convergence here means that the 
approximation order depends only on the smoothness of the physical solution we approximate.  
Like other numerical techniques, the BKM also has its own deficiencies. Besides notably severely ill-conditioned 
full interpolation matrix [4], the existing BKM loses symmetricity when applied to problems with mixed boundary 
conditions. The article shows use of BKM tested on 2D convection-diffusion problem over rectangular area with 
constant convective velocity field. Convection–diffusion is observed in many physical situations involving transport 
of energy and chemical species. This process is usually characterized by a dimensionless parameter, called Peclet 
number. If Peclet number is small, advection is relatively unimportant, and the process is termed diffusion-
dominated. On the other hand, if Peclet number is large, then diffusion plays a secondary role, and the process is 
called convection-dominated. Accurate numerical solution of the convection–diffusion equation becomes 
increasingly difficult as the Peclet number increases due to onset of spurious oscillations if standard finite difference 
or finite element formulations are used. On the other hand, it has been observed that the BKM solutions seem to be 
relatively free from spurious oscillations. The basic reason is the correct amount of upwinding provided by the 
general solution in BKM. The exponential variable transformation has been previously used to generate analytical 
solutions for different problems [5]. It has also been used to obtain the general solutions for the convection–
diffusion equation [5]. Using exponential transformation the convection–diffusion equation is converted into 
modified Helmholtz equation. Next, the boundary knot representation of the modified Helmholtz equation is created 
to numerically solve the resulting equation.  
2.  Boundary knot method - homogeneous PDE 
The BKM solves the homogeneous PDE using non-singular general solution formulation. Without loss of 
generality consider following PDE over a domain of interest Ω 
( ) 0L u  ,  (1) 
( ) ( ), Du x R x x * ,  (2) 
( ) ( ), N
u x N x x
n
w  *w ,  (3) 
584   Juraj Mužík /  Procedia Engineering  111 ( 2015 )  582 – 588 
where L denotes differential operator, ΓD, ΓN is respectively parts of  boundary with Dirichlet and Neumann 
boundary conditions, x is multidimensional independent variable and n is unit outer normal. If the {xj}j=1..L represents 
set of L nodes on the boundaries of Ω. The solution of Eq.1 can be approximated by following series: 
#
1
( ) ( )
L
j j
j
u x u rD
 
 ¦ ,  (4) 
where rj = ║x-xj║ is Euclidean distance, L is the number of boundary nodes, αj are the unknown coefficients to be 
determined. The coefficients αj are solved by collocating Eq.2 and Eq.3 in the term of series described by Eq. 4, that 
produces 
#
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where i and m indicate the Dirichlet and Neumann boundary response nodes respectively. The general solution 
for the convection-diffusion problem as the crucial part of the solution process will be presented later.   
3. Governing equations and general solution  
3.1. Convection–diffusion equation 
Considering a homogeneous isotropic region Ω bounded by a piece-wise smooth boundary Γ. Assuming u be the 
transported quantity, and x(x,y) represent the 2D spatial coordinates. The steady state transport of u is governed by 
2 0D u v u ku     ,  (7) 
with the boundary conditions 
( ) ( ), Du x u x x * ,  (8) 
( ) ( ), N
u x q x x
n
w  *w ,  (9) 
where D is the diffusivity, v denotes the convective velocity field, and k is the reaction rate with n being the unit 
outward normal. In this work, we assume that convective velocity v, diffusivity D and reaction rate k are constant. 
3.2. Exponential variable transformation 
For a one-dimensional velocity field v(vx,0) Li and Evans [5] employ the following transformation: 
    xu x w x eD ,  (10) 
where α=vx/2D and w(x) is an intermediate field variable. For a multi-dimensional velocity field, we can define 
the following generalization of the preceding exponential variable transformation: 
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 2vxDu x w x e .  (11) 
Substitution of Eq.11 into the Eq.7 yields the governing equation for w(x) given by  
1/22
2 2 0;
2
v kw w
D D
P P ª º§ ·« »    ¨ ¸« »© ¹¬ ¼
  (12) 
which is Helmholtz equation, for which the general solution for 2D case in terms of modified Bessel functions of 
the first kind I, can be expressed as  
0
1( ) ( )
2
w r I rPS .  (13) 
4. Numerical results 
To study the performance of the proposed numerical scheme, the classical pseudo two dimensional test problem 
of moving bar was used. It is standard test problem for heat transfer by convection-diffusion from a long bar of 
length l moving with a constant velocity vx along the x-axis, and specified temperature at its edges u(0) = u0 and u(l) 
= 0 
 
Fig.1 Geometrical properties of numerical model for moving bar, with boundary conditions. 
The exact solution of this problem is given by 
 / 1
0
1( )
1
Pe x l
Pe
eu x u
e


ª º « »¬ ¼
,  (14) 
where Pe is Peclet number. This problem is modeled as two-dimensional problem over the rectangular domain Ω 
defined as 
 ^ `, : (0, ), (0, )x y x l y b:    ,  (15) 
with boundary conditions (see Fig.1): 
0(0, ) , ( , ) 0, ( ,0) ( , ) 0u y u u l y q x q x b    .  (16) 
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In numerical example the dimension were taken as l=1 and b=0.3 with 44 boundary nodes. The diffusion 
coefficient was taken D=1 and reaction k=0, with unit characteristic length l the Peclet number is defined as Pe=vx. 
In the article the results are presented for Pe = 0.01, 0.1, 1, 10, 20 and 30.  
     Table 1.Error in the BKM solution of the moving bar problem with condition number of model matrix. 
Peclet number Pe=0.01 Pe=0.1 Pe=1 Pe=10 Pe=20 Pe=30 
L2 Error [%] 0.000053 0.000003 0.000005 0.000115 0.006907 0.452541 
Condition number 8.2170e+22 1.9873e+21 6.3848e+18 6.0696e+21 4.7695e+24 6.9859e+28 
Rank of matrix 5 7 11 19 21 19 
 
Summarization of the errors in the numerical solution is presented in the Tab.1 for all Peclet numbers used in 
numerical computation. Also the condition number and the rank of the characteristic matrix is presented. The figures 
Fig.2-4 shows the temperature distribution along the moving bar for different Peclet numbers. 
 
 
Fig.2 Temperature distribution along moving bar for a)Pe=0.01 and b)Pe=0.1. 
 
Fig.3 Temperature distribution along moving bar for a)Pe=1 and b)Pe=10. 
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Fig.4 Temperature distribution along moving bar for a)Pe=20 and b)Pe=30. 
The results shows the ability of the BKM scheme to solve convection-diffusion problems with high Peclet 
numbers with outstanding accuracy (Tab.1), but as can be seen from results for Pe=30, the condition number of the 
BKM characteristic matrix becomes very high (cond: 6.9859e+28) and solution of such equation system using 
conventional direct or iterative methods is no longer possible. The results for Pe<=10 were obtained using LU 
decomposition, for Pe=20 using BiCGStab and for Pe=30 using SVD (singular value decomposition) approach.  
5. Conclusion 
The article presented an boundary knot method formulation based on an exponential variable transformation for 
the steady state advection–diffusion problem.Using this transformation, the advection–diffusion equation has been 
converted into modified Helmholtz equation. Standard boundary element formulation has been used to obtain the 
integral equation for the resulting modified Helmholtz equation. Numerical results have been presented for moving 
bar standard test problem The results have confirmed the preceding observations, the BKM performs with high level 
of accuracy and the implementation is quite simple and straightforward. But the ill-conditioned characteristic BKM 
matrix brings large difficulties into solution of convection-diffusion problems at high Peclet numbers (Pe>30). 
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